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John Tukey (1915-)

Be approximately right rather than
exactly wrong.

John Tukey (1915-2000)
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Dynamic multi-object tracking problem: 
Jointly estimate the number of objects 
and the states using received data 

§ Multiple objects: unknown time-
varying number; leave, enter or stay 
in scene at any time step, unknown 
identity/label 

§ Each survived object transitions to 
the next time according to a 
probability transition kernel

§ New objects may join the scene

§ Observations: A set of observations 
collected from the sensor

Multi-Object Tracking (MOT)

previous time 
step (k-1) 

time step k 

Challenges:

• Track unknown time-varying 

number of objects

• Unknown state identity

• Robustly associate objects at 

each time step

• Uncertainty on parameters due 

to multiple environmental 

conditions: high noise, 

interference, or clutter
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Vignette of the Contributions 

q Multiple Object Tracking through Infinite Random Trees 
• Tracking multiple objects by defining a prior over infinite random trees

– A nonparametric modeling based on diffusion processes

q Multimodal Dependent Measurements  
• Multimodal dependent measurements and single object tracking

– Use the information provided by the multiple sensor to track more 
accurately

• Multimodal dependent measurements and multiple objects tracking
– Generalize the problem to a multi-object multimodal dependent 

measurements  

q Dependent Dirichlet process (DDP) prior modeling over time-
evolving object state distribution for MOT problem

• Identity learning for multiple object tracking
q Dependent Pitman-Yor (DPY) process prior to incorporate learning 

algorithm  over time-evolving object state distribution based on 
measurements to fully capture dependence among the states
• More available clusters to capture full dependency & more likely to have 

less popular clusters
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1. Bayesian methods for a single object tracking 
Ø Kalman filter, particle filter, interactive multiple modal for 

maneuvering, the nearest neighbor method
2. Random finite set theory for multiple object tracking 
Ø Multiple hypothesis testing, probability hypothesis density 

filter, labeled multi-Bernoulli (LMB)
3. Deep learning models for multiple object tracking
4. Multimodal dependent measurements

Ø Exponentially embedded families for multimodal sensor, target   
tracking using multi-modal sensing with waveform 
configuration, a parametric classification rule based on the 
exponentially embedded family

5. Bayesian nonparametric modeling for tracking 
Ø Evolutionary clustering, hierarchical Dirichlet process for 

maneuvering, Dirichlet process for linear dynamic system

Related Work
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q Introducing a well defined dependent Dirichlet process:
§ Captures the survival, birth, and death
§ Dependent structure to update object cardinality
§ Conditional distribution given the immediate past is a DP
§ Easy models to do inference through MCMC and VB methods 

where do not depend on the initial values
§ Shown this prior leads to a consistent posterior distribution
§ Contraction rate matches the optimal minimax rate

Dependent Dirichlet Process Modeling
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Simulations: DDP-EEM Modeling

Cardinality estimation using the DDP prior based and labeled multi-

Bernoulli filtering 

DDP

LMB
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Simulations: DDP-EEM Modeling

Performance comparison: OSPA comparison for 10000 MCMC 

simulations and order p =1, cut-off c =100 

OSPA Location

OSPA Cardinality

LMB

DDP



FULTON schools  of engineering Signal Processing & Adaptive Sensing Laboratory 

q Introducing a well defined dependent Pitman-Yor process:
§ Fully captures the survival, birth, and death
§ Dependent structure to update object cardinality
§ Conditional distribution given the immediate past is a PY
§ Introduced an easy inferential models based on MCMC and VB
§ Compared to dependent Dirichlet process (DDP): more 

available clusters to capture full dependency & likely to have 
less popular clusters

§ DDP: expected number of clusters

§ DPY: expected number of clusters

Dependent Pitman-Yor Modeling

concentration discount 

# of  objects 
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Depend Dirichlet process (DDP)  vs dependent Pitman-Yor process (DPY) for 
10000 MCMC simulations for order p = 1 and cut-off  c = 100

OSPA location

OSPA cardinality

Simulations: DDP vs DPY

DDP

DPY

Performance comparison between DDP and DPY based prior modeling
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Dynamic System Modeling

Motion Model:
• Unknown state vector of    object:
• If the object were present at time (k-1), then:

• This model implied that each existing object              stays in the scene 
with probability               and transitions with probability transition 
kernel           
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Object 
cardinality 

Transition function Modeling error

x`,k�1
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Measurement Model:
• Measurement vector:
• If      th measurement were originated from   th object, then

• This model leads to the likelihood   
Measurement noiseRelationship between measurement & state 

p(zm,k|x`,k,⇥)
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Goal: Find the posterior distribution p(x`,k|zm,k,⇥)
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Multiple Object Tracking 
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§ Modeling uncertainty over trees; path/branch generated by 
diffusion process (generate samples using Brownian motion at 
)                This process is exchangeable

§ Branching probability: probability of selecting a branch vs
diverging, depends on number of samples previously followed 
same branch 

§ Dependent as prior can incorporate time-dependent learned 
information 

§ Probability transition kernel                               with unknown 
parameters             

Ø Use a dependent diffusion process on a tree as prior on 

Ø Tree leaf/node: object state, branch: cluster of states in a 

hierarchy

Ø Find trajectory of each object by tracing path on tree

Ø Predict and update number of objects at each time 

Dependent Poisson Diffusion Process (D-PoDP) & 
random Tress 

k = 0
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Dependent Poisson Diffusion Process (D-PoDP) 

For instance, at time k =0, 

generate 4 states according to a 

diffusion process with divergence 

points a,b, and c and its underlying 

tree  

Time k-1 Time k

Nk
<latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Q6G11S2gGshwRKVu4g6MSKskewk=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScONKKtpaaIeSSe+0oZnMkNwRytBHcONCEd/KnW9j+rPQ1gOBj3MScu+JMiUt+f63V9rY3NreKe9W9qr7B4e1o2rbprkR2BKpSk0n4haV1NgiSQo7mUGeRAqfovHNLH96RmNlqh9pkmGY8KGWsRScnPVw1x/3a3W/4c/F1iFYQh2WavZrX71BKvIENQnFre0GfkZhwQ1JoXBa6eUWMy7GfIhdh5onaMNiPuqUnTlnwOLUuKOJzd3fLwqeWDtJIncz4TSyq9nM/C/r5hRfhYXUWU6oxeKjOFeMUjbbmw2kQUFq4oALI92sTIy44YJcOxVXQrC68jq0LxqB3wjufSjDCZzCOQRwCddwC01ogYAhvMAbvHvKe/U+FnWVvGVvx/BH3ucPB5aMWw==</latexit><latexit sha1_base64="Q6G11S2gGshwRKVu4g6MSKskewk=">AAAB33icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScONKKtpaaIeSSe+0oZnMkNwRytBHcONCEd/KnW9j+rPQ1gOBj3MScu+JMiUt+f63V9rY3NreKe9W9qr7B4e1o2rbprkR2BKpSk0n4haV1NgiSQo7mUGeRAqfovHNLH96RmNlqh9pkmGY8KGWsRScnPVw1x/3a3W/4c/F1iFYQh2WavZrX71BKvIENQnFre0GfkZhwQ1JoXBa6eUWMy7GfIhdh5onaMNiPuqUnTlnwOLUuKOJzd3fLwqeWDtJIncz4TSyq9nM/C/r5hRfhYXUWU6oxeKjOFeMUjbbmw2kQUFq4oALI92sTIy44YJcOxVXQrC68jq0LxqB3wjufSjDCZzCOQRwCddwC01ogYAhvMAbvHvKe/U+FnWVvGVvx/BH3ucPB5aMWw==</latexit><latexit sha1_base64="ivieVC2wj47eMVeaYyGmTFrMii8=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0m86LHoxZNUtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf0D9/CopZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPxzcxvP6HSPJGPZpJiENOh5BFn1Fjp4a4/7rtVr+bNQVaJX5AqFGj03a/eIGFZjNIwQbXu+l5qgpwqw5nAaaWXaUwpG9Mhdi2VNEYd5PNTp+TMKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CrIuUwzg5ItFkWZICYhs7/JgCtkRkwsoUxxeythI6ooMzadig3BX355lbQuar5X8++9av26iKMMJ3AK5+DDJdThFhrQBAZDeIZXeHOE8+K8Ox+L1pJTzBzDHzifPyJcjaw=</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit><latexit sha1_base64="MxNyAhmVIzIc9KwS/VLtsjLGg70=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrR5wk3I/oUIlQMIpWerjrj/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWRdVzq979ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8jnI2w</latexit>

• Assign probability to survived 
branch 

• For new objects, assign 
probability to new branch node

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

pa / |Sa,k�1|+ |Sa,k|k�1|� �
<latexit sha1_base64="i60RML6V4JvSim9p9bCA8KsZplQ=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCtsyIoMuiG5cV7QPaMtxJ0zY0mQlJRijT/oYbf8WNC0Vc6sq/MX0I2nogcO4593JzTyg508bzvpyFxaXlldXMWnZ9Y3Nr293Zreg4UYSWScxjVQtBU84iWjbMcFqTioIIOa2GvauRX72nSrM4ujN9SZsCOhFrMwLGSoHryQBwQ6pYmhgPboMUTnp5fzjAxz/VYFLncaMDQkDg5ryCNwaeJ/6U5NAUpcD9aLRikggaGcJB67rvSdNMQRlGOB1mG4mmEkgPOrRuaQSC6mY6vmyID63Swu1Y2RcZPFZ/T6QgtO6L0HYKMF09643E/7x6YtoXzZRFMjE0IpNF7YRjm8IoJtxiihLD+5YAUcz+FZMuKCDGhpm1IfizJ8+TymnB9wr+zVmueDmNI4P20QE6Qj46R0V0jUqojAh6QE/oBb06j86z8+a8T1oXnOnMHvoD5/MbByyfCQ==</latexit><latexit sha1_base64="i60RML6V4JvSim9p9bCA8KsZplQ=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCtsyIoMuiG5cV7QPaMtxJ0zY0mQlJRijT/oYbf8WNC0Vc6sq/MX0I2nogcO4593JzTyg508bzvpyFxaXlldXMWnZ9Y3Nr293Zreg4UYSWScxjVQtBU84iWjbMcFqTioIIOa2GvauRX72nSrM4ujN9SZsCOhFrMwLGSoHryQBwQ6pYmhgPboMUTnp5fzjAxz/VYFLncaMDQkDg5ryCNwaeJ/6U5NAUpcD9aLRikggaGcJB67rvSdNMQRlGOB1mG4mmEkgPOrRuaQSC6mY6vmyID63Swu1Y2RcZPFZ/T6QgtO6L0HYKMF09643E/7x6YtoXzZRFMjE0IpNF7YRjm8IoJtxiihLD+5YAUcz+FZMuKCDGhpm1IfizJ8+TymnB9wr+zVmueDmNI4P20QE6Qj46R0V0jUqojAh6QE/oBb06j86z8+a8T1oXnOnMHvoD5/MbByyfCQ==</latexit><latexit sha1_base64="i60RML6V4JvSim9p9bCA8KsZplQ=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCtsyIoMuiG5cV7QPaMtxJ0zY0mQlJRijT/oYbf8WNC0Vc6sq/MX0I2nogcO4593JzTyg508bzvpyFxaXlldXMWnZ9Y3Nr293Zreg4UYSWScxjVQtBU84iWjbMcFqTioIIOa2GvauRX72nSrM4ujN9SZsCOhFrMwLGSoHryQBwQ6pYmhgPboMUTnp5fzjAxz/VYFLncaMDQkDg5ryCNwaeJ/6U5NAUpcD9aLRikggaGcJB67rvSdNMQRlGOB1mG4mmEkgPOrRuaQSC6mY6vmyID63Swu1Y2RcZPFZ/T6QgtO6L0HYKMF09643E/7x6YtoXzZRFMjE0IpNF7YRjm8IoJtxiihLD+5YAUcz+FZMuKCDGhpm1IfizJ8+TymnB9wr+zVmueDmNI4P20QE6Qj46R0V0jUqojAh6QE/oBb06j86z8+a8T1oXnOnMHvoD5/MbByyfCQ==</latexit><latexit sha1_base64="i60RML6V4JvSim9p9bCA8KsZplQ=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCtsyIoMuiG5cV7QPaMtxJ0zY0mQlJRijT/oYbf8WNC0Vc6sq/MX0I2nogcO4593JzTyg508bzvpyFxaXlldXMWnZ9Y3Nr293Zreg4UYSWScxjVQtBU84iWjbMcFqTioIIOa2GvauRX72nSrM4ujN9SZsCOhFrMwLGSoHryQBwQ6pYmhgPboMUTnp5fzjAxz/VYFLncaMDQkDg5ryCNwaeJ/6U5NAUpcD9aLRikggaGcJB67rvSdNMQRlGOB1mG4mmEkgPOrRuaQSC6mY6vmyID63Swu1Y2RcZPFZ/T6QgtO6L0HYKMF09643E/7x6YtoXzZRFMjE0IpNF7YRjm8IoJtxiihLD+5YAUcz+FZMuKCDGhpm1IfizJ8+TymnB9wr+zVmueDmNI4P20QE6Qj46R0V0jUqojAh6QE/oBb06j86z8+a8T1oXnOnMHvoD5/MbByyfCQ==</latexit>

# of objects with common branch node a 

Discount parameter

�
<latexit sha1_base64="AU/vq+DAgMm1x9RhUc20aA7BJwY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3Q+5RDqo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AkYyPHA==</latexit><latexit sha1_base64="AU/vq+DAgMm1x9RhUc20aA7BJwY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3Q+5RDqo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AkYyPHA==</latexit><latexit sha1_base64="AU/vq+DAgMm1x9RhUc20aA7BJwY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3Q+5RDqo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AkYyPHA==</latexit><latexit sha1_base64="AU/vq+DAgMm1x9RhUc20aA7BJwY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3Q+5RDqo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AkYyPHA==</latexit>
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Hyperparameter # of survived branch node

(Moraffah & Papandreou 2019)

objects may enter, leave or remain in 

the scene   
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At time k,
q For each                              , draw

And generate                 atoms given                 using the         
diffusion process 
q For     , draw  

And generate                atoms from the base distribution 

q Draw

q Set 

D-PoDP: Density Estimation 
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Ñ`,k|k�1 ⇠ Po(
pa↵

2|Sa,k|k�1
)

<latexit sha1_base64="ElUqukpmQlp7aynrbv789QbnjPE="></latexit><latexit sha1_base64="ElUqukpmQlp7aynrbv789QbnjPE="></latexit><latexit sha1_base64="ElUqukpmQlp7aynrbv789QbnjPE="></latexit><latexit sha1_base64="ElUqukpmQlp7aynrbv789QbnjPE="></latexit>
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Ñ�,k|k�1 ⇠ Po(
pa↵

2
)

<latexit sha1_base64="pEq4MT11IZZ8WoXBTp4cxOSZbN0="></latexit><latexit sha1_base64="pEq4MT11IZZ8WoXBTp4cxOSZbN0="></latexit><latexit sha1_base64="pEq4MT11IZZ8WoXBTp4cxOSZbN0="></latexit><latexit sha1_base64="pEq4MT11IZZ8WoXBTp4cxOSZbN0="></latexit>

Ñ�,k|k�1
<latexit sha1_base64="sutqsCAe/WagPLSFmoO7Zs69nUM=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCBw0zIugx6MWTRDALZIbQ01NJmvQsdNcIYQxe/BUvHhTx6ld482/sLAdNfFDweK+Kqnp+IoVG2/62cguLS8sr+dXC2vrG5lZxe6eu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIafv9q5DfuQWkRR3c4SMALWTcSHcEZGqld3HNRyACym2E7cwOQyI77D/0TZ0jbxZJdtseg88SZkhKZotoufrlBzNMQIuSSad1y7AS9jCkUXMKw4KYaEsb7rAstQyMWgvay8QtDemiUgHZiZSpCOlZ/T2Qs1HoQ+qYzZNjTs95I/M9rpdi58DIRJSlCxCeLOqmkGNNRHjQQCjjKgSGMK2FupbzHFONoUiuYEJzZl+dJ/bTs2GXn9qxUuZzGkSf75IAcEYeckwq5JlVSI5w8kmfySt6sJ+vFerc+Jq05azqzS/7A+vwB43WXEg==</latexit><latexit sha1_base64="sutqsCAe/WagPLSFmoO7Zs69nUM=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCBw0zIugx6MWTRDALZIbQ01NJmvQsdNcIYQxe/BUvHhTx6ld482/sLAdNfFDweK+Kqnp+IoVG2/62cguLS8sr+dXC2vrG5lZxe6eu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIafv9q5DfuQWkRR3c4SMALWTcSHcEZGqld3HNRyACym2E7cwOQyI77D/0TZ0jbxZJdtseg88SZkhKZotoufrlBzNMQIuSSad1y7AS9jCkUXMKw4KYaEsb7rAstQyMWgvay8QtDemiUgHZiZSpCOlZ/T2Qs1HoQ+qYzZNjTs95I/M9rpdi58DIRJSlCxCeLOqmkGNNRHjQQCjjKgSGMK2FupbzHFONoUiuYEJzZl+dJ/bTs2GXn9qxUuZzGkSf75IAcEYeckwq5JlVSI5w8kmfySt6sJ+vFerc+Jq05azqzS/7A+vwB43WXEg==</latexit><latexit sha1_base64="sutqsCAe/WagPLSFmoO7Zs69nUM=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCBw0zIugx6MWTRDALZIbQ01NJmvQsdNcIYQxe/BUvHhTx6ld482/sLAdNfFDweK+Kqnp+IoVG2/62cguLS8sr+dXC2vrG5lZxe6eu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIafv9q5DfuQWkRR3c4SMALWTcSHcEZGqld3HNRyACym2E7cwOQyI77D/0TZ0jbxZJdtseg88SZkhKZotoufrlBzNMQIuSSad1y7AS9jCkUXMKw4KYaEsb7rAstQyMWgvay8QtDemiUgHZiZSpCOlZ/T2Qs1HoQ+qYzZNjTs95I/M9rpdi58DIRJSlCxCeLOqmkGNNRHjQQCjjKgSGMK2FupbzHFONoUiuYEJzZl+dJ/bTs2GXn9qxUuZzGkSf75IAcEYeckwq5JlVSI5w8kmfySt6sJ+vFerc+Jq05azqzS/7A+vwB43WXEg==</latexit><latexit sha1_base64="sutqsCAe/WagPLSFmoO7Zs69nUM=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCBw0zIugx6MWTRDALZIbQ01NJmvQsdNcIYQxe/BUvHhTx6ld482/sLAdNfFDweK+Kqnp+IoVG2/62cguLS8sr+dXC2vrG5lZxe6eu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIafv9q5DfuQWkRR3c4SMALWTcSHcEZGqld3HNRyACym2E7cwOQyI77D/0TZ0jbxZJdtseg88SZkhKZotoufrlBzNMQIuSSad1y7AS9jCkUXMKw4KYaEsb7rAstQyMWgvay8QtDemiUgHZiZSpCOlZ/T2Qs1HoQ+qYzZNjTs95I/M9rpdi58DIRJSlCxCeLOqmkGNNRHjQQCjjKgSGMK2FupbzHFONoUiuYEJzZl+dJ/bTs2GXn9qxUuZzGkSf75IAcEYeckwq5JlVSI5w8kmfySt6sJ+vFerc+Jq05azqzS/7A+vwB43WXEg==</latexit>

x`,k|✓`,k ⇠ G(·|✓`,k)
<latexit sha1_base64="upg1JvT0LacYAHYqRuDwnA7V0KA=">AAACK3icbVDJSgNBEO1xjXGLevTSGAQFCTMi6FH0oMcIZoFMCD2dGtNMz0J3jSSM8z9e/BUPenDBq/9hJ5mD24OC1+9V0VXPS6TQaNtv1szs3PzCYmmpvLyyurZe2dhs6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elhecj/3WLSgt4ugaRwl0Q3YTCV9whkbqVc5chCF6fjbMe5kLUh4E+Z2LA0BWvGmQu1qE9GLP5f0Y6U83yPd7lapdsyegf4lTkCopUO9Vntx+zNMQIuSSad1x7AS7GVMouIS87KYaEsYDdgMdQyMWgu5mk1tzumuUPvVjZSpCOlG/T2Qs1HoUeqYzZDjQv72x+J/XSdE/6WYiSlKEiE8/8lNJMabj4GhfKOAoR4YwroTZlfIBU4yjibdsQnB+n/yXNA9rjl1zro6qp2dFHCWyTXbIHnHIMTkll6ROGoSTe/JIXsir9WA9W+/Wx7R1xipmtsgPWJ9f/HyorA==</latexit><latexit sha1_base64="upg1JvT0LacYAHYqRuDwnA7V0KA=">AAACK3icbVDJSgNBEO1xjXGLevTSGAQFCTMi6FH0oMcIZoFMCD2dGtNMz0J3jSSM8z9e/BUPenDBq/9hJ5mD24OC1+9V0VXPS6TQaNtv1szs3PzCYmmpvLyyurZe2dhs6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elhecj/3WLSgt4ugaRwl0Q3YTCV9whkbqVc5chCF6fjbMe5kLUh4E+Z2LA0BWvGmQu1qE9GLP5f0Y6U83yPd7lapdsyegf4lTkCopUO9Vntx+zNMQIuSSad1x7AS7GVMouIS87KYaEsYDdgMdQyMWgu5mk1tzumuUPvVjZSpCOlG/T2Qs1HoUeqYzZDjQv72x+J/XSdE/6WYiSlKEiE8/8lNJMabj4GhfKOAoR4YwroTZlfIBU4yjibdsQnB+n/yXNA9rjl1zro6qp2dFHCWyTXbIHnHIMTkll6ROGoSTe/JIXsir9WA9W+/Wx7R1xipmtsgPWJ9f/HyorA==</latexit><latexit sha1_base64="upg1JvT0LacYAHYqRuDwnA7V0KA=">AAACK3icbVDJSgNBEO1xjXGLevTSGAQFCTMi6FH0oMcIZoFMCD2dGtNMz0J3jSSM8z9e/BUPenDBq/9hJ5mD24OC1+9V0VXPS6TQaNtv1szs3PzCYmmpvLyyurZe2dhs6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elhecj/3WLSgt4ugaRwl0Q3YTCV9whkbqVc5chCF6fjbMe5kLUh4E+Z2LA0BWvGmQu1qE9GLP5f0Y6U83yPd7lapdsyegf4lTkCopUO9Vntx+zNMQIuSSad1x7AS7GVMouIS87KYaEsYDdgMdQyMWgu5mk1tzumuUPvVjZSpCOlG/T2Qs1HoUeqYzZDjQv72x+J/XSdE/6WYiSlKEiE8/8lNJMabj4GhfKOAoR4YwroTZlfIBU4yjibdsQnB+n/yXNA9rjl1zro6qp2dFHCWyTXbIHnHIMTkll6ROGoSTe/JIXsir9WA9W+/Wx7R1xipmtsgPWJ9f/HyorA==</latexit><latexit sha1_base64="upg1JvT0LacYAHYqRuDwnA7V0KA=">AAACK3icbVDJSgNBEO1xjXGLevTSGAQFCTMi6FH0oMcIZoFMCD2dGtNMz0J3jSSM8z9e/BUPenDBq/9hJ5mD24OC1+9V0VXPS6TQaNtv1szs3PzCYmmpvLyyurZe2dhs6jhVHBo8lrFqe0yDFBE0UKCEdqKAhZ6Elhecj/3WLSgt4ugaRwl0Q3YTCV9whkbqVc5chCF6fjbMe5kLUh4E+Z2LA0BWvGmQu1qE9GLP5f0Y6U83yPd7lapdsyegf4lTkCopUO9Vntx+zNMQIuSSad1x7AS7GVMouIS87KYaEsYDdgMdQyMWgu5mk1tzumuUPvVjZSpCOlG/T2Qs1HoUeqYzZDjQv72x+J/XSdE/6WYiSlKEiE8/8lNJMabj4GhfKOAoR4YwroTZlfIBU4yjibdsQnB+n/yXNA9rjl1zro6qp2dFHCWyTXbIHnHIMTkll6ROGoSTe/JIXsir9WA9W+/Wx7R1xipmtsgPWJ9f/HyorA==</latexit>

↵ = µ(X )
<latexit sha1_base64="IRorlyQfzvU9xn7wUNYuf7A7bpM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIRdCMU3bisYB/QhHIznbRDJw9mJkIJ+QQ3/oobF4q4denOv3GSZqGtBwYO59w7c+Z4MWdSWda3sbS8srq2Xtmobm5t7+yae/sdGSWC0DaJeCR6HkjKWUjbiilOe7GgEHicdr3JTe53H6iQLArv1TSmbgCjkPmMgNLSwDxJneKS1OMJzRzg8RjwFXaCpO4EoMYEeNrLTrOBWbMaVgG8SOyS1FCJ1sD8coYRSQIaKsJByr5txcpNQShGOM2qTiJpDGQCI9rXNISASjctsmT4WCtD7EdCn1DhQv29kUIg5TTw9GQeUs57ufif10+Uf+mmLIwTRUMye8hPOFYRztvBQyYoUXyqCRDBdFZMxiCAKN1hVZdgz395kXTOGrbVsO/Oa83rso4KOkRHqI5sdIGa6Ba1UBsR9Iie0St6M56MF+Pd+JiNLhnlzgH6A+PzBxcknTg=</latexit><latexit sha1_base64="IRorlyQfzvU9xn7wUNYuf7A7bpM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIRdCMU3bisYB/QhHIznbRDJw9mJkIJ+QQ3/oobF4q4denOv3GSZqGtBwYO59w7c+Z4MWdSWda3sbS8srq2Xtmobm5t7+yae/sdGSWC0DaJeCR6HkjKWUjbiilOe7GgEHicdr3JTe53H6iQLArv1TSmbgCjkPmMgNLSwDxJneKS1OMJzRzg8RjwFXaCpO4EoMYEeNrLTrOBWbMaVgG8SOyS1FCJ1sD8coYRSQIaKsJByr5txcpNQShGOM2qTiJpDGQCI9rXNISASjctsmT4WCtD7EdCn1DhQv29kUIg5TTw9GQeUs57ufif10+Uf+mmLIwTRUMye8hPOFYRztvBQyYoUXyqCRDBdFZMxiCAKN1hVZdgz395kXTOGrbVsO/Oa83rso4KOkRHqI5sdIGa6Ba1UBsR9Iie0St6M56MF+Pd+JiNLhnlzgH6A+PzBxcknTg=</latexit><latexit sha1_base64="IRorlyQfzvU9xn7wUNYuf7A7bpM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIRdCMU3bisYB/QhHIznbRDJw9mJkIJ+QQ3/oobF4q4denOv3GSZqGtBwYO59w7c+Z4MWdSWda3sbS8srq2Xtmobm5t7+yae/sdGSWC0DaJeCR6HkjKWUjbiilOe7GgEHicdr3JTe53H6iQLArv1TSmbgCjkPmMgNLSwDxJneKS1OMJzRzg8RjwFXaCpO4EoMYEeNrLTrOBWbMaVgG8SOyS1FCJ1sD8coYRSQIaKsJByr5txcpNQShGOM2qTiJpDGQCI9rXNISASjctsmT4WCtD7EdCn1DhQv29kUIg5TTw9GQeUs57ufif10+Uf+mmLIwTRUMye8hPOFYRztvBQyYoUXyqCRDBdFZMxiCAKN1hVZdgz395kXTOGrbVsO/Oa83rso4KOkRHqI5sdIGa6Ba1UBsR9Iie0St6M56MF+Pd+JiNLhnlzgH6A+PzBxcknTg=</latexit><latexit sha1_base64="IRorlyQfzvU9xn7wUNYuf7A7bpM=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIRdCMU3bisYB/QhHIznbRDJw9mJkIJ+QQ3/oobF4q4denOv3GSZqGtBwYO59w7c+Z4MWdSWda3sbS8srq2Xtmobm5t7+yae/sdGSWC0DaJeCR6HkjKWUjbiilOe7GgEHicdr3JTe53H6iQLArv1TSmbgCjkPmMgNLSwDxJneKS1OMJzRzg8RjwFXaCpO4EoMYEeNrLTrOBWbMaVgG8SOyS1FCJ1sD8coYRSQIaKsJByr5txcpNQShGOM2qTiJpDGQCI9rXNISASjctsmT4WCtD7EdCn1DhQv29kUIg5TTw9GQeUs57ufif10+Uf+mmLIwTRUMye8hPOFYRztvBQyYoUXyqCRDBdFZMxiCAKN1hVZdgz395kXTOGrbVsO/Oa83rso4KOkRHqI5sdIGa6Ba1UBsR9Iie0St6M56MF+Pd+JiNLhnlzgH6A+PzBxcknTg=</latexit>

From the physical model

Ñk =
X

`

Ñ`,k|k�1

<latexit sha1_base64="WsRd2GPchssNCsJhrYfCj6C1GmU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCQi6EYounElFewDmhIm09t2yOTBzEQoMX/hxl9x40IRt7rzb5y0BbX1wIUz59zL3Hv8hDOpbPvLmJtfWFxaLq2UV9fWNzbNre2GjFNBoU5jHouWTyRwFkFdMcWhlQggoc+h6QeXhd+8AyFZHN2qYQKdkPQj1mOUKC15puUqxruQXedegM+xK9PQc4HzHzkrnofBfXDk5NgzK7Zlj4BniTMhFTRBzTM/3W5M0xAiRTmRsu3YiepkRChGOeRlN5WQEBqQPrQ1jUgIspON7srxvla6uBcLXZHCI/X3REZCKYehrztDogZy2ivE/7x2qnpnnYxFSaogouOPeinHKsZFSLjLBFDFh5oQKpjeFdMBEYQqHWVZh+BMnzxLGseWY1vOzUmlejGJo4R20R46QA46RVV0hWqojih6QE/oBb0aj8az8Wa8j1vnjMnMDvoD4+Mb6Jufuw==</latexit><latexit sha1_base64="WsRd2GPchssNCsJhrYfCj6C1GmU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCQi6EYounElFewDmhIm09t2yOTBzEQoMX/hxl9x40IRt7rzb5y0BbX1wIUz59zL3Hv8hDOpbPvLmJtfWFxaLq2UV9fWNzbNre2GjFNBoU5jHouWTyRwFkFdMcWhlQggoc+h6QeXhd+8AyFZHN2qYQKdkPQj1mOUKC15puUqxruQXedegM+xK9PQc4HzHzkrnofBfXDk5NgzK7Zlj4BniTMhFTRBzTM/3W5M0xAiRTmRsu3YiepkRChGOeRlN5WQEBqQPrQ1jUgIspON7srxvla6uBcLXZHCI/X3REZCKYehrztDogZy2ivE/7x2qnpnnYxFSaogouOPeinHKsZFSLjLBFDFh5oQKpjeFdMBEYQqHWVZh+BMnzxLGseWY1vOzUmlejGJo4R20R46QA46RVV0hWqojih6QE/oBb0aj8az8Wa8j1vnjMnMDvoD4+Mb6Jufuw==</latexit><latexit sha1_base64="WsRd2GPchssNCsJhrYfCj6C1GmU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCQi6EYounElFewDmhIm09t2yOTBzEQoMX/hxl9x40IRt7rzb5y0BbX1wIUz59zL3Hv8hDOpbPvLmJtfWFxaLq2UV9fWNzbNre2GjFNBoU5jHouWTyRwFkFdMcWhlQggoc+h6QeXhd+8AyFZHN2qYQKdkPQj1mOUKC15puUqxruQXedegM+xK9PQc4HzHzkrnofBfXDk5NgzK7Zlj4BniTMhFTRBzTM/3W5M0xAiRTmRsu3YiepkRChGOeRlN5WQEBqQPrQ1jUgIspON7srxvla6uBcLXZHCI/X3REZCKYehrztDogZy2ivE/7x2qnpnnYxFSaogouOPeinHKsZFSLjLBFDFh5oQKpjeFdMBEYQqHWVZh+BMnzxLGseWY1vOzUmlejGJo4R20R46QA46RVV0hWqojih6QE/oBb0aj8az8Wa8j1vnjMnMDvoD4+Mb6Jufuw==</latexit><latexit sha1_base64="WsRd2GPchssNCsJhrYfCj6C1GmU=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguNCQi6EYounElFewDmhIm09t2yOTBzEQoMX/hxl9x40IRt7rzb5y0BbX1wIUz59zL3Hv8hDOpbPvLmJtfWFxaLq2UV9fWNzbNre2GjFNBoU5jHouWTyRwFkFdMcWhlQggoc+h6QeXhd+8AyFZHN2qYQKdkPQj1mOUKC15puUqxruQXedegM+xK9PQc4HzHzkrnofBfXDk5NgzK7Zlj4BniTMhFTRBzTM/3W5M0xAiRTmRsu3YiepkRChGOeRlN5WQEBqQPrQ1jUgIspON7srxvla6uBcLXZHCI/X3REZCKYehrztDogZy2ivE/7x2qnpnnYxFSaogouOPeinHKsZFSLjLBFDFh5oQKpjeFdMBEYQqHWVZh+BMnzxLGseWY1vOzUmlejGJo4R20R46QA46RVV0hWqojih6QE/oBb0aj8az8Wa8j1vnjMnMDvoD4+Mb6Jufuw==</latexit>

Poisson distribution 
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q Use constructed prior as mixing distribution to infer measurement 
distributions 
§ Select parameter        at time with probability       proportional

to the summation of number of measurements that already 
selected same parameter and number of object with the shared 
branch, i.e., 

§ New parameters are selected with probability proportional to
q Dependent Mixture model  

q Use a MCMC sampler to do inference

Dependent Mixture Model and Inference 

✓`,k
<latexit sha1_base64="lVhBdCXXbH/MQvs/K+GXHi98mIA=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgED1ISEfRY9OKxgv2AJoTNdtIu3WzC7kSoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1PBNTrOt1VaW9/Y3CpvV3Z29/artYPDjk4yxaDNEpGoXkg1CC6hjRwF9FIFNA4FdMPx7czvPoLSPJEPOEnBj+lQ8ogzikYKalUPR4A0yD0Q4nw8DWp1p+HMYa8StyB1UqAV1L68QcKyGCQyQbXuu06Kfk4VciZgWvEyDSllYzqEvqGSxqD9fH741D41ysCOEmVKoj1Xf0/kNNZ6EoemM6Y40sveTPzP62cYXfs5l2mGINliUZQJGxN7loI94AoYiokhlClubrXZiCrK0GRVMSG4yy+vks5Fw3Ua7v1lvXlTxFEmx+SEnBGXXJEmuSMt0iaMZOSZvJI368l6sd6tj0VrySpmjsgfWJ8/5YaTOg==</latexit><latexit sha1_base64="lVhBdCXXbH/MQvs/K+GXHi98mIA=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgED1ISEfRY9OKxgv2AJoTNdtIu3WzC7kSoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1PBNTrOt1VaW9/Y3CpvV3Z29/artYPDjk4yxaDNEpGoXkg1CC6hjRwF9FIFNA4FdMPx7czvPoLSPJEPOEnBj+lQ8ogzikYKalUPR4A0yD0Q4nw8DWp1p+HMYa8StyB1UqAV1L68QcKyGCQyQbXuu06Kfk4VciZgWvEyDSllYzqEvqGSxqD9fH741D41ysCOEmVKoj1Xf0/kNNZ6EoemM6Y40sveTPzP62cYXfs5l2mGINliUZQJGxN7loI94AoYiokhlClubrXZiCrK0GRVMSG4yy+vks5Fw3Ua7v1lvXlTxFEmx+SEnBGXXJEmuSMt0iaMZOSZvJI368l6sd6tj0VrySpmjsgfWJ8/5YaTOg==</latexit><latexit sha1_base64="lVhBdCXXbH/MQvs/K+GXHi98mIA=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgED1ISEfRY9OKxgv2AJoTNdtIu3WzC7kSoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1PBNTrOt1VaW9/Y3CpvV3Z29/artYPDjk4yxaDNEpGoXkg1CC6hjRwF9FIFNA4FdMPx7czvPoLSPJEPOEnBj+lQ8ogzikYKalUPR4A0yD0Q4nw8DWp1p+HMYa8StyB1UqAV1L68QcKyGCQyQbXuu06Kfk4VciZgWvEyDSllYzqEvqGSxqD9fH741D41ysCOEmVKoj1Xf0/kNNZ6EoemM6Y40sveTPzP62cYXfs5l2mGINliUZQJGxN7loI94AoYiokhlClubrXZiCrK0GRVMSG4yy+vks5Fw3Ua7v1lvXlTxFEmx+SEnBGXXJEmuSMt0iaMZOSZvJI368l6sd6tj0VrySpmjsgfWJ8/5YaTOg==</latexit><latexit sha1_base64="lVhBdCXXbH/MQvs/K+GXHi98mIA=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgED1ISEfRY9OKxgv2AJoTNdtIu3WzC7kSoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMC1PBNTrOt1VaW9/Y3CpvV3Z29/artYPDjk4yxaDNEpGoXkg1CC6hjRwF9FIFNA4FdMPx7czvPoLSPJEPOEnBj+lQ8ogzikYKalUPR4A0yD0Q4nw8DWp1p+HMYa8StyB1UqAV1L68QcKyGCQyQbXuu06Kfk4VciZgWvEyDSllYzqEvqGSxqD9fH741D41ysCOEmVKoj1Xf0/kNNZ6EoemM6Y40sveTPzP62cYXfs5l2mGINliUZQJGxN7loI94AoYiokhlClubrXZiCrK0GRVMSG4yy+vks5Fw3Ua7v1lvXlTxFEmx+SEnBGXXJEmuSMt0iaMZOSZvJI368l6sd6tj0VrySpmjsgfWJ8/5YaTOg==</latexit>
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<latexit sha1_base64="OMBZvvWm+IGxnNDlfPkcEJPWEgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+inv+yhEv1pz6+4cZJV4BalBgWa/+uUPEpbFKA0TVOue56YmyKkynAmcVvxMY0rZmA6xZ6mkMeogn987JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE10HOZZoZlGyxKMoEMQmZPU8GXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDw5Ej/c=</latexit><latexit sha1_base64="OMBZvvWm+IGxnNDlfPkcEJPWEgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+inv+yhEv1pz6+4cZJV4BalBgWa/+uUPEpbFKA0TVOue56YmyKkynAmcVvxMY0rZmA6xZ6mkMeogn987JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE10HOZZoZlGyxKMoEMQmZPU8GXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDw5Ej/c=</latexit><latexit sha1_base64="OMBZvvWm+IGxnNDlfPkcEJPWEgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+inv+yhEv1pz6+4cZJV4BalBgWa/+uUPEpbFKA0TVOue56YmyKkynAmcVvxMY0rZmA6xZ6mkMeogn987JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE10HOZZoZlGyxKMoEMQmZPU8GXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDw5Ej/c=</latexit><latexit sha1_base64="OMBZvvWm+IGxnNDlfPkcEJPWEgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+inv+yhEv1pz6+4cZJV4BalBgWa/+uUPEpbFKA0TVOue56YmyKkynAmcVvxMY0rZmA6xZ6mkMeogn987JWdWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif95vcxE10HOZZoZlGyxKMoEMQmZPU8GXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDw5Ej/c=</latexit>

⇡` / n`,k + |Sa,k�1| for ✓`,k�1 2 Sa,k�1, ✓`,k 2 Ṽk
<latexit sha1_base64="kNpMYq5l813GqesKRNkXNn18mW0="></latexit><latexit sha1_base64="kNpMYq5l813GqesKRNkXNn18mW0="></latexit><latexit sha1_base64="kNpMYq5l813GqesKRNkXNn18mW0="></latexit><latexit sha1_base64="kNpMYq5l813GqesKRNkXNn18mW0="></latexit>

Set of all nodes at time k

⇠
<latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit>

Comes from the physical model

zm,k|x`,k, ✓`,k,⇡` ⇠ F(·|x`,k, ✓`,k)
<latexit sha1_base64="VXrHUH9t81awKatm/9SPRp5indA="></latexit>
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I. Simulations: Comparison to LMB

Track five objects for time-varying objects

True and learned object cardinality as a 
function of time step k for 5 objects! = 0 ! = 100

! = 10 ! = 100
! = 100! = 10

! = 10 k = 60
<latexit sha1_base64="41zLAGGJ/UIQ1INGRaa1taJ+3/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKqBeh6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNUfoGl3gXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDJdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDm+44E</latexit><latexit sha1_base64="41zLAGGJ/UIQ1INGRaa1taJ+3/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKqBeh6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNUfoGl3gXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDJdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDm+44E</latexit><latexit sha1_base64="41zLAGGJ/UIQ1INGRaa1taJ+3/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKqBeh6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNUfoGl3gXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDJdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDm+44E</latexit><latexit sha1_base64="41zLAGGJ/UIQ1INGRaa1taJ+3/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKqBeh6MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxmL87RVWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNUfoGl3gXrmCq3gGtEz8nFQgR71X/ur2FU1jJi0VxJiOjxMbZERbTgWblLqpYQmhIzJgHUcliZkJstm1E3TilD6KlHYlLZqpvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUIKvQ9HXU55pRK8aOEKq5uxXRIdGEWhdQyYXgL768TJpnVR9X/fvzSu0mj6MIR3AMp+DDJdTgDurQAAqP8Ayv8OYp78V79z7mrQUvnzmEP/A+fwDm+44E</latexit>

! = 20 ! = 80

D-PoDP

LMB
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I. Simulations: Comparison to LMB

Performance comparison between D-PoDP and LMB trackers

OSPA comparison for range (top) and cardinality (bottom) over 10000 

MCMC simulations and order p =1 and cut-off c=100

D-PoDP

LMB
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Performance comparison for D-PoDP and proposed Dependent 
Pitman-Yor process

II. Simulations: Comparison to Dependent Pitman-Yor

• Similar performance, however, D-PoDP is much more efficient and 

simpler to implement and estimate the object trajectory

OSPA comparison between D-PoDP and DPY method for 10000 MCMC simulations and 
for order p = 1 and cut-off c = 100

D-PoDP

DPY

OSPA Location

OSPA Cardinality
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Multimodal Dependent 
Measurements  
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Integration of Dependent Observations from Multiple 
Sensors to Track a Single Object

Challenges:
• Time-varying number of  

observations (unknown at each 
time step) 

• Observations are unordered: no 
measurement-to-model association

• Multiple environmental conditions: 
high noise levels, clutter, 
interference

• How to group dependent 
measurements so that :

a. Dependency among 
measurements is captured

b. Sensor information is 
preserved  

§ I-band radar:  angular accuracy
§ K-band radar: short ranges
§ electro-optical (EO) infrared 

camera: target identification and 
observation

Multimodal framework allows for 
integration of  complementary 
information in analyzing a scene
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Tracking Formulation using Measurements from 
Multiple Sensors 

§ Unknown object state vector: 

§ Measurement model for mth sensor 

Possibly a nonlinear transition function modeling error

Zm,k = hm(xk) + wm,k m = 1,…, M (M = # of sensors)

mth sensor measurement noise

Dependent measurements 
Unordered measurements and correspond to 

different model
Object association

Multimodal sensing to 
improve learning algorithms

Hierarchical DP



FULTON schools  of engineering Signal Processing & Adaptive Sensing Laboratory 

§ With an HDP prior on the parameters of the measurements 
collected from the sensors, the distribution of the measurements 
can be modeled as

§ This method clusters measurements that are collected by each 
sensor and estimates joint density of dependent measurements.

I. HDP-DM: HDP Prior

Hierarchical Dirichlet process to group measurements and improve the performance.
Propose “Hierarchical Dirichlet Process for Dependent Measurements (HDP-DM)” 

modeling

(Moraffah & Papandreou 2019)
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§ Hypothesis Testing for Object Detection
§ The detection test-statistic is based on the binary hypothesis

§ An object is detected using the measurements of the mth
sensor if the Neyman-Pearson test statistic exceeds the 
threshold

If measurements from the same sensor are assumed 
independent, the likelihood ratio simplifies to a product of 
individual likelihoods that still preserve dependency among 
measurements from different sensors 

II. HDP-DM: Hypothesis Testing
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§ Bayesian Single Object Tracking Method
§ The estimated state is given by the posterior mean

§ The tail recursive function for the prediction is given by

III. HDP-DM: Target Tracking Method

The transition kernel 
originated from the 

physical model

x̂k = E[p(xk|Zk)]
<latexit sha1_base64="BRtDeq6pdFd4EA/4DjRhpcEDLRc=">AAACH3icbVDLSsNAFJ34rPVVdelmsAh1U5Iq6kYoiuCygn1gEsJkOmmHTB7MTMQS8ydu/BU3LhQRd/0bp2kW2npg4Mw593LvPW7MqJC6PtYWFpeWV1ZLa+X1jc2t7crObkdECcekjSMW8Z6LBGE0JG1JJSO9mBMUuIx0Xf9q4ncfCBc0Cu/kKCZ2gAYh9ShGUklO5dQaIplarpc+ZpnjwwtoBUgOXTe9zsy4NjUc/ylXMWLpvfod2U6lqtf1HHCeGAWpggItp/Jt9SOcBCSUmCEhTEOPpZ0iLilmJCtbiSAxwj4aEFPREAVE2Gl+XwYPldKHXsTVCyXM1d8dKQqEGAWuqpysKWa9ififZybSO7dTGsaJJCGeDvISBmUEJ2HBPuUESzZSBGFO1a4QDxFHWKpIyyoEY/bkedJp1I3jeuP2pNq8LOIogX1wAGrAAGegCW5AC7QBBs/gFbyDD+1Fe9M+ta9p6YJW9OyBP9DGP4X2o+M=</latexit>
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§ At time step k, the Bayesian recursion is given by

§ To compute this probability, we use the tail recursive equation and 
the density of estimated using the HDP mixture obtained as

III. HDP-DM: Target Tracking Method

Measurements collected by M sensors modeled through HDP mixture

Prediction Equation

Due to physical model 

p(Zm,k|xk) =
1X

j=1

⇡m,jf(·|✓j,k)
<latexit sha1_base64="AmHLZeYkmvvbYMV5c4gPlwcEsnE="></latexit>

⇡m = (⇡m,1,⇡m,2, · · · ) where ⇡m ⇠ DP(⌘,GEM(�))
<latexit sha1_base64="QBM2l35ov2DhlmDqMtPodAQOieE="></latexit>
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Simulations: HDP-DM

§ We simulate dependent measurements obtained from a 
multimodal sensing system with radio frequency (RF) and 
electro-optical (EO) sensors.

HDP-DM performance comparison to Bayesian tracker with no utilization of dependency.

Bayesian

HDP
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Simulations: HDP-DM

§ HDP-DM performance as a function of SNR

SNR = -10 dB

SNR = -5 dB

SNR = -3 dB
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Integration of Dependent Observations from Multiple 
Sensors to Track Multiple Objects

Objective:  Multiple Object Tracking with Dependent Measurements from 
Multiple Sensors

Challenges:
q Robustly associate each object
q Jointly estimate the object cardinality 

as well the object trajectory 
q Object identity and object cardinality 

at each time are dependent
q Dependency among measurements 

such that the sensor information is 
preserved 

q Inference

Solution:
ü Group data in a hierarchical 

Manner
ü Dependent Modeling such 

as DDP-EMM
ü Hierarchical Dirichlet

process mixture modeling

• Accurately estimate the time evolving object trajectory as well as 
object cardinality Use the dependency among the 
measurements to estimate more accurately 

(Moraffah & Papandreou 2019) 
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Case 1: The   th object belongs to one of the survived and transitioned 
clusters from time and occupied at least by one of the previous

objects. The object selects one of these clusters with probability: 

Dependent Dirichlet Process State Transitioning Prior 

<̀latexit sha1_base64="3GQWqpO7cQAS3xPKV+Ids7+Coq4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0t9FGJQqbo1dw6ySryCVKFAc1D56g8jlkhUlglqTM9zY+unVFvOBM7K/cRgTNmEjrCXUUUlGj+d3zoj55kyJGGks1KWzNXfEymVxkxlkHVKasdm2cvF/7xeYsMbP+UqTiwqtlgUJoLYiOSPkyHXyKyYZoQyzbNbCRtTTZnN4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AA60jj8=</latexit>

`� 1
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Size of the jth cluster after transitioning 

Size of jth cluster at time k

Where the normalizing constant equals                                         for 

concentration parameter 

X

i

[V ⇤
k|k�1]i +

X

i

[Vk]i + ↵
<latexit sha1_base64="h3t+Ks8+WlNp4tMsJZaVYkCt3j4=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARRLEkVdRl0Y3LCvYCaQyT6bQdMpmEmYlQYt/Eja/ixoUi4q5v46SNoK0HBn6+/xzOnN+PGZXKssZGYWFxaXmluFpaW9/Y3DK3d5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8oPrzG89ECFpxO/UMCZuiPqc9ihGSiPPPIcdmYQehQ5s3h95afAYnNgj6Gpy/GNlnhfkCLF4gEqeWbYq1qTgvLBzUQZ51T3zq9ONcBISrjBDUjq2FSs3RUJRzMio1EkkiREOUJ84WnIUEummk/tG8ECTLuxFQj+u4IT+nkhRKOUw9HVniNRAznoZ/M9zEtW7dFPK40QRjqeLegmDKoJZWLBLBcGKDbVAWFD9V4gHSCCsdKRZCPbsyfOiWa3Yp5Xq7Vm5dpXHUQR7YB8cAhtcgBq4AXXQABg8gRfwBt6NZ+PV+DA+p60FI5/ZBX/KGH8DFc6f5A==</latexit>

↵
<latexit sha1_base64="uAKVOmshAhr5jmWqurZYSRUqZlg=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lMl20y7dbMLuRiihP8KLB0W8+nu8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wSTu9zvPDGleSwfzTRhfoQjyUNO0Vip00eRjLE8qFTdmjsHWSVeQapQoDmofPWHMU0jJg0VqHXPcxPjZ6gMp4LNyv1UswTpBEesZ6nEiGk/m587I+dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTSgPwVt+eZW06zXvslZ/uKo2bos4SnAKZ3ABHlxDA+6hCS2gMIFneIU3J3FenHfnY9G65hQzJ/AHzucPw0ePMA==</latexit>
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1,k ) /

⇥
V ⇤
k|k�1

⇤
j
+

⇥
Vk

⇤
j
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Prior Construction to capture survival, appearance, disappearance so that the 
conditional distribution is a Dirichlet process

✓`�1
1,k = {✓1,k, . . . , ✓`�1,k}
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§ Case 2: The   th object belongs to one of the survived and 
transitioned clusters from time but this cluster has not 
yet been occupied by any one the first objects. The object 
selects such a cluster with probability: 

§ Case 3: The object does not belong to any of the existing 
clusters, thus a new cluster parameter is with probability: 

Prior Construction

`� 1
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Size of the jth cluster after transitioning 

Concentration parameter

⇧2(Select jth cluster not chosen yet|✓`�1
1,k ) /

⇥
V ⇤
k|k�1

⇤
j
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§ Given the configurations at time               , the conditional 
distribution is Dirichlet process 

§ Under mild conditions the state distribution follows:

is derived from the physical based model    
§ Use a Hierarchical Dirichlet mixture modeling, group 

measurements upon receiving and compute the likelihood based 
on the physical model, compute the posterior distribution                            
using a MCMC method (Gibbs sampling)

Bayesian Inference

(k � 1)
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Base distribution 

Transition probability kernel Transition kernel for parameters

f(·|✓)
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Simulations: Tracking

Location estimation in the presence of multiple 
dependent measurements for 5 objects. 

Cardinality estimation comparison in 
the presence of multiple dependent 
measurements. 

Cardinality DDP-HDP

Cardinality DDP-EMM
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Simulations: OSPA Performance 

OSPA Comparison for Multi-Target Tracking with and without Using the 

Dependent Measurements for order p = 1 and cut-off c = 100 for 10000 MCMC 

simulations

DDP

DDP-HDP

OSPA Location

OSPA Cardinality
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q Nonparametric priors to fully capture state dependency to 
robustly and efficiently track labels, cardinality, and trajectory of 
multiple objects
§ A model with the DP as the conditional distribution

– Exploit dependent DP to model dependencies in state prior 
§ A model with the PY as the conditional distribution

– Follows power law and hence higher probability for smaller cluster
§ A model based on random infinite trees that follows power law

– Dependent Poisson diffusion process as prior on evolving trees

– State estimated by selecting path connected to each leaf

§ A nonparametric modeling un multimodal scenarios to capture 
measurement dependency as well as state dependency

– HDP models dependency, model association, and time-varying 

cardinality of the measurements provided by each sensor

q These models are all distribution free ( no parametric 
assumption required)

q Low computational cost for these modeling (MCMC/VB methods)

Conclusion 
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There are three kinds of lies: 
lies, damned lies, and statistics.

Attributed to Benjamin Disraeli by Mark Twain 


